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a b s t r a c t
In 2000 Cho, Kim and Nam proved that Pn, the path on n vertices, is a 2-step competition
graph for all n. In 2005, Helleloid proved that Pn is an (n−1)- and (n−2)-step competition
graph for all n and proved further that of all connected triangle-free graphs on n vertices,
only the star is an m-step competition graph for m ≥ n. In this paper we show that if m
divides n − 1 or n − 2, then Pn is an m-step competition graph and that if n ≥ 6 and
n
2 ≤ m ≤ n− 3, then Pn is not anm-step competition graph.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In 1968 Cohen [2] introduced the competition graph, a simple graph made for modeling the competitions that arise
within some ecological or energy system. While there is a variety of ways of defining these competitions, we make use
of the competitions that exist in ecological food-webs. Let D = (V , A) be a digraph whose vertices act as species in some
ecosystem where an arc extending from vertex x to vertex ymeans that x preys on y. If there is a vertex w, distinct from x,
also preying on y, then we say that x andw are in competition. So naturally, the competition graph of D, denoted C(D), is the
simple graph (V , E) on the same vertex set as Dwith (x, w) ∈ E if and only if x andw are in competition in D. For a variety
of literature on competition graphs, their applications and their invariants; see [4–9].
Recently, Cho et al. [1] introduced the m-step competition graph, a generalization of the competition graph. Let D =
(V , A) be a digraph and let x ∈ V . We use Nm(x) (and N(x)whenm = 1) to denote the set of vertices y ∈ V such that there
is an m-step walk from x to y in D. If y ∈ Nm(x) ∩ Nm(w), then we say that x and w are in m-step competition. The m-step
competition graph of D, denoted Cm(D), is the simple graph (V , E) on the same vertex set as Dwith (x, w) ∈ E if and only if
x andw are inm-step competition in D. This generalizes Cohen’s competition graph as C1(D) = C(D).
A well-studied question onm-step competition graphs is simply which classes of graphs arem-step competition graphs
for some m. It is quite easy to show that the path on n vertices, denoted Pn, is a competition graph and that P1, P2 and P3
are m-step competition graphs for all m [3]. However, for m > 1 and n > 3, it becomes increasingly difficult to show that
Pn is or is not anm-step competition graph. Cho et al. [1] proved, among other things, that Pn is a 2-step competition graph.
Helleloid [3] proved that Pn is an (n − 1)- and (n − 2)-step competition graph and that Pn, for n > 3, is not an m-step
competition graph for m ≥ n. In fact, Helleloid proved a much more general statement; for m ≥ n, the only connected,
triangle-free m-step competition graph on n vertices is the star. In Sections 2 and 3, we also give a partial determination
of values of m and n that allow and do not allow Pn to be an m-step competition graph. In particular, in Section 2 we show
that Pn is anm-step competition graph providedm divides n− 1 or n− 2 and in Section 3 we show that Pn is not anm-step
competition graph provided n ≥ 6 and n2 ≤ m ≤ n− 3.
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Fig. 1. Digraph D so that C3(D) = P7 .
2. n− 1 or n− 2 is a multiple ofm
Let D = (V , A) be a digraph on n vertices and let m be a positive integer. The m-step digraph of D, denoted Dm, is
the digraph with the same vertex set as D with an arc from vertex x to vertex y provided y ∈ Nm(x). Proposition 2.1
[1, Proposition 1.1] gives a well known observation concerning the relationship of the m-step competition graph of D and
the competition graph of them-step digraph of D.
Proposition 2.1. For any digraph D and positive integer m, Cm(D) = C(Dm).
From this observation, we prove a sufficient condition for when a graph is a k-step competition graph for some positive
integer k.
Proposition 2.2. If D1 is a digraph so that Cm(D1) = G and if k divides m, then there is a digraph D2 so that Ck(D2) = G.
Proof. Let D1 be a digraph so that Cm(D1) = G, and write m = jk. By Proposition 2.1, if D2 = Dj1, then Ck(D2) = Ck(Dj1) =
C(Dm1 ) = G. 
Given Proposition 2.2 and the fact that Pn is a (n−1)- and (n−2)-step competition graph [3], we give a corollary providing
values ofm for which Pn is anm-step competition graph.
Corollary 2.1. If m divides n− 1 or n− 2, then the path Pn is an m-step competition graph.
For example, by Corollary 2.1, since P7 is a 6-step competition graph, P7 is also a 2- and 3-step competition graph. In fact
Corollary 2.1 implies Cho, Kim and Nam’s result that Pn is a 2-step competition graph for all n since either n − 1 or n − 2
is even. But Corollary 2.1 only provides the statement that there is a digraph D on seven vertices whose 3-step competition
graph is P7. If we wish to construct such a digraph D, then by using Proposition 2.2 we need only to consider the second
power of the digraph given for Helleloid’s construction in showing P7 is a 6-step competition graph. That is, to construct a
class of digraphs whose existence is implied by Corollary 2.1, we need only to consider Helleloid’s construction in light of
Proposition 2.2. For the following theorem, note that all indices are taken modulus n.
Theorem 2.1. Let m divide n − 2 or n − 1 and write n = qm + r, where r = 1 or r = 2. Let D be a digraph with vertex set
V = {v1, v2, . . . , vn} and the following arc set:
A =

(vi, vi+q) i ∈ [1, n− q]
(vi, vi−n+q+1) i ∈ [n− q, n− 1]
(vi, vi−n+q) i ∈ [n− q+ 1, n]
(vn−q−1, vn) only if r = 2.
(1)
Then Cm(D) = Pn.
Proof. According to (1), for i 6= n, vi will havem-step prey vi and vi−1 when r = 1 and vi−1 and vi−2 when r = 2. However,
vn will only have one m-step prey; vn−1 when r = 1 and vn−2 when r = 2. Hence, the m-step competition graph of D is
Pn. 
Figs. 1 and 2 below are digraphs as given in Theorem 2.1when n = 7 andm = 3 andwhen n = 8 andm = 3 respectively.
In Figs. 1 and 2, the vertices v1 through v7 are written left-to-right.
3. Values ofm between n2 and n− 3
For the main result of this section, we consider values ofm that do not divide n− 1 and n− 2 and, in particular, we pay
attention to only those values ofmwhen n2 ≤ m ≤ n− 3 and n ≥ 6. We will show that for these values Pn is not anm-step
competition graph.
Lemma 3.1. Let D = (V , A) be a digraph so that Cm(D) = Pn.
i. For each v ∈ V , 1 ≤ |Nm(v)| ≤ 3.
ii. There are at most 2 vertices v,w ∈ V such that |Nm(v)| = |Nm(w)| = 3.
iii. There is at most 1 vertex that is not an m-step prey and if there is such a vertex, then for each v ∈ V , |Nm(v)| ≤ 2 and there
are two vertices each with exactly 1m-step prey.
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Fig. 2. Digraph D so that C3(D) = P8 .
Proof. If Cm(D) = Pn has vertex set v1, . . . , vn, then D has vertices w1, . . . , wn−1 where wi is the m-step prey for vertices
vi and vi+1 but for no other vertices. The remaining vertex, wn, could be an m-step prey for no vertices, any one vertex, or
any two vertices vi and vi+1. This proves (i) and (ii). Finally, ifwn is not anm-step prey, then clearly vi has exactly 2m-step
prey for 2 ≤ i ≤ n− 1 and, v1 and vn have exactly 1m-step prey. 
Let C be a directed cycle in a digraph D. If v ∈ V (C), we use v+k to denote the vertex k steps from v on C and we use v−k
to denote the vertex k steps behind v on C . If k = 1, we simply use v+ and v−. If u ∈ V (C), we use vCu to denote the path on
C from v to u. A directed path in D from v to u that shares only v and u with vCu is called a C-avoiding path. We also make
use of the notations N(C) and Nm(C). For some integer m,Nm(C) is the set of all vertices reachable in m steps from some
x ∈ V (C). Ifm = 1, we use N(C).
Lemma 3.2. If D is a loopless digraph on n vertices so that Cm(D) = Pn and m ≥ n2 , then D does not contain a directed cycle of
length p for 2 ≤ p < n2 .
Proof. Suppose that D does contain a directed cycle of length p < n2 . Wemay assume that p is the length of a shortest cycle.
Let C be a cycle of length p in D. Let B1 be the set of vertices in V (D) \ V (C) that have a m-step prey in V (C) and let B2 be
the set of remaining vertices in V (D) \ V (C). Since each vertex on C is anm-step prey for some vertex on C , no 2 vertices in
B1 have the same m-step prey on C . Otherwise Cm(D) contains a triangle. Therefore, it follows that |B1| ≤ p and |B2| ≥ 1.
Let x ∈ B2. If y ∈ N(x) ∩ B1, then Nm(x) ∩ V (C) is nonempty as ymust have a k-step in V (C) for k < m. This contradicts the
definition of B2. Therefore, for x ∈ B2,Nm(x) ⊆ B2.
Now we consider two cases: B1 = ∅ and B1 6= ∅.
Case 1. B1 = ∅.
Since vertices in V (C) cannot be used as common m-step prey, the vertices that are common m-step prey belong to B2.
However, since p ≥ 2, |B2| ≤ n− 2 implying that Cm(D) contains at most n− 2 edges. This contradicts Cm(D) = Pn.
Case 2. B1 6= ∅.
We will first show that no vertex in V (C) has an m-step prey in B2. Suppose the contrary. Then there are at least p + 1
vertices in B1 ∪ V (C) that have an m-step prey in B2. We may also state that vertices in B2 must have, in total, at least
2|B2| − 2m-step prey. But then p + 1 + 2|B2| − 2 > 2|B2| contradicting the fact that each of the |B2| vertices in B2 can be
them-step prey for at most 2 vertices. Thus Nm(C) ∩ B2 is empty.
In order to guarantee that Cm(D) is connected, there is a vertex b ∈ B1 such that N(b) ∩ B2 is nonempty. We will show
next that the digraph induced on B1 is acyclic. Suppose the contrary. Then as C is the smallest cycle, |B1| = p and the vertices
in B1 make a cycle C ′ of length p in D. We define B′1 to be the set of vertices in V (D) \V (C ′) that have anm-step prey in V (C ′)
and B′2 to be the set of remaining vertices in V (D) \ V (C ′). Since Nm(C) ∩ B2 is empty, N(C) ∩ B1 is empty. Thus B′1 is empty
allowing us to invoke Case 1.
We now show thatN(C)∩B1 is empty. Since the digraph induced on B1 is acyclic and sinceNm(C)∩B2 is empty, b 6∈ Nm(u)
for each u ∈ V (D). By Lemma 3.1(iii), it follows that no vertex ofD has 3m-step prey. Suppose there is a vertex x ∈ V (C) that
preys on a vertex y ∈ B1. By definition of B1, there is a directed path from y to a vertex z ∈ V (C). Thus there is a C-avoiding
path P from x to z. Let V (P)∩ B1 = {y, w1, . . . , wr}. Clearly b 6= y and b 6= wi for 1 ≤ i ≤ r . Let C ′ be the cycle consisting of
the directed paths P and zCx. If C ′ has length at least p+ 1, then z− and wr have 2 commonm-step prey. One can be found
by traversing C and the other can be found by traversing C ′. However, this implies that either z− or wr has 3 m-step prey
contradicting Lemma 3.1(iii). So we must assume that C ′ has length p and that z− andwr have only 1 commonm-step prey.
But either z− or wr has a second m-step prey. So either N(z−) ∩ B1 is nonempty or there are at least 2 directed paths from
wr to a vertex in V (C). In either case, this assumes another C-avoiding path Q , either from z− to v or from x to v throughwr .
Suppose that Q begins at u ∈ V (C) and ends at v ∈ V (C) and that V (Q ) ∩ B1 = {z1, . . . , zs}. Note that either u = x or
u = z− and that the cycle made of Q and vCu has length at least p+ 1; otherwise z− andwr still have 1m-step prey or will
have 2 commonm-step prey. Arguing as before, either v− or zs has 3m-step prey contradicting Lemma 3.1(iii). Thus we are
left assuming that N(C) ∩ B1 is empty.
If N(C)∩ B1 is empty, then p = 2 as D contains at most 2 vertices with 1m-step prey. Let V (C) = {x, y}. But clearly both
x and y cannot both be leaves unless there is a vertex c ∈ B1 such that c 6= b and N(c) ∩ B2 is nonempty. However, this
would imply that c 6∈ Nm(u) for each u ∈ V (D) contradicting Lemma 3.1(iii). 
2558 J. Kuhl, B.C. Swan / Discrete Mathematics 310 (2010) 2555–2559
We now use Lemma 3.2 to show that if D is a loopless digraph on n vertices so that Cm(D) = Pn, then Dmust contain a
directed cycle of length n. A digraph containing such a cycle is called Hamiltonian and the cycle itself is called a Hamiltonian
cycle.
Lemma 3.3. If D is a loopless digraph on n vertices so that Cm(D) = Pn and m ≥ n2 , then D is Hamiltonian.
Proof. Let D be a loopless digraph on n vertices such that Cm(D) = Pn. If D contains two disjoint cycles C1 and C2, then
it follows, by Lemma 3.2, that C1 and C2 each have exactly n2 vertices. So the subdigraph induced on V (C1) is C1 and the
subdigraph induced on V (C2) is C2. Since there are at most 2 vertices with exactly 1 prey, there is a vertex on C1 that must
prey on a vertex on C2 and there is a vertex on C2 that must prey on a vertex on C1. Because m ≥ n2 , it follows that each
vertex on C1 has anm-step prey on C2 and each vertex on C2 has anm-step prey on C1. Thus each vertex has degree at least
2 in Cm(D) contradicting Cm(D) = Pn. Therefore we will assume that D is non-Hamiltonian, that C , the longest cycle in D,
has length at least n2 and that the digraph induced on V (D) \ V (C) is acyclic.
Since there are at most n2 vertices outside C and m ≥ n2 , each vertex in V (D) \ V (C) has an m-step prey on C . Let
w ∈ V (D) \ V (C) be a vertex that preys on u+ ∈ V (C) and let v ∈ Nm(w) ∩ Nm(u) so that uCv is an m-step walk. We
continue by proving the following claim.
Claim. The vertex u is a leaf in Cm(D).
Suppose u is not a leaf. Then there is a vertex x 6= v such that x ∈ Nm(u) and x 6∈ Nm(w). If the m-step walk from u
to x, which we denoteW , contains a vertex of u+Cv, then either x ∈ Nm(w) or v has 3 m-step predators. To see this, let y
be the first vertex of u+Cv onW . We may assume that uWy does not contain w since otherwise we find a longer cycle. If
uWy and uCy are walks of the same length, then (w, u+), u+Cy and yWx is anm-step walk contradicting x 6∈ Nm(w). If they
are not walks of the same length, then v is an m-step prey for some vertex z on the cycle consisting of walks uWy and yCu.
Furthermore, z 6= u since otherwise uWy and uCy have the same length. It follows that v ∈ Nm(z)∩Nm(u)∩Nm(w)making
{z, u, w} a triangle in Cm(D). So we must assume thatW and u+Cv are vertex disjoint.
SinceW must contain a vertex of C (otherwisem = n2 andW containsw making a longer cycle), it is a vertex of v+Cu−.
Let y be the first vertex of v+Cu− on W . Then the cycle consisting of uWy and yCu is a cycle of length less than n2 . Thus
Nm(u) ⊆ Nm(w)making u a leaf in Cm(D). This proves the claim.
Since w cannot be a leaf in Cm(D), there is a vertex x such that x ∈ Nm(w) and x 6∈ Nm(u). Because m ≥ n2 , the m-step
walk between w and x, call itW1, must contain a vertex of C . Let y be the first vertex ofW1 on C and let z be a vertex such
that (z, y) is an arc onW1. Note that y 6= u+ since otherwise either x ∈ Nm(u) or v ∈ Nm(z)∩Nm(u)∩Nm(w) both of which
are contradictions. According to the claim above, substituting z forw and y− for u+, we conclude that y− is a leaf in Cm(D).
Since z cannot be a leaf, z must have a secondm-step prey not shared with y−. Let a ∈ Nm(z) so that a 6∈ Nm(y−). Them-step
walk between z and a, call itW2, must contain a vertex of C . Let b be the first vertex ofW2 on C and let (c, b) be an arc on
W2. Again, from the claim above, b− must be a leaf in Cm(D) and because Cm(D) contains exactly two leaves, either b = u+
or b = y. If b = y, then either a ∈ Nm(y−) or {y−, z, c} is a triangle in Cm(D). If b = u+, then there is either a cycle disjoint
from C consisting of wW1z and zW2w or {u, w, c} is a triangle in Cm(D). Therefore we conclude that V (D) \ V (C) is empty
implying that D is Hamiltonian. 
Lemma 3.4. If D is a loopless digraph on n vertices so that Cm(D) = Pn and m ≥ n2 , then there is no v ∈ V (D) such that|Nm(v)| = 3.
Proof. Since D is loopless and since Cm(D) = Pn,D is Hamiltonian by Lemma 3.3. Let C be a Hamiltonian cycle in D and let v
be a vertex with 3m-step prey. Then there must be at least 2 arcs that do not lie on C that can be reached by v. Without loss
of generality, we choose these two arcs, (x1, y1) and (x2, y2), such that y1 = y+k2 where k < n2 . However, this implies that
y1 has 3 m-step predators. An m-step predator can be found by traversing only C and a second can be found by traversing
only (x1y1) and y1Cx1. A third can be found in one of the following two ways. Suppose that x1Cy1 and x2Cy2 are not arc-
disjoint. In this case it should be noted that necessarily x1Cy1 and x2Cy2 are walks of different lengths. By traversing only the
paths (x2, y2) and y2Cx2 gives a thirdm-step predator. Suppose that x1Cy1 and x2Cy2 are arc-disjoint. By traversing only the
paths (x2, y2), y2Cx1, (x1, y1) and y1Cx2 gives a third m-step predator. Because y1 has three m-step predators, Cm(D) 6= Pn,
a contradiction. 
Theorem 3.1. Pn is not an m-step competition graph for n ≥ 6 and n2 ≤ m ≤ n− 3.
Proof. Let D be a digraph on n vertices so that Cm(D) = Pn.
Case 1. D is loopless.
Then by Lemma 3.3, D is Hamiltonian and so contains a Hamiltonian cycle which we denote C . Clearly D must have at
least one arc that does not lie on C , say (x1, y1). However, if this were the only such arc, then x+1 , x
+2
1 , and x
+3
1 all have exactly
1m-step prey asm ≤ n− 3. Since D has at most 2 vertices with exactly 1m-step prey, there must be another arc that does
not lie on C , say (x2, y2).
Case 1a. x1Cy1 and x2Cy2 do not share an arc.
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Clearly x1 has 2m-step prey which can be found by traversing only C and by traversing (x1, y1) along with C . If x2 = y+k1
for 0 ≤ k ≤ m − 1, then x1 has a third m-step prey which can be found by traversing (x1, y1), (x2, y2) and C . Because this
contradicts Lemma 3.4, we must assume that k ≥ m and likewise, for x1 = y+l2 , we must assume that l ≥ m. However, this
implies that there are at least 2m+ 2 vertices on C , a contradiction sincem ≥ n2 .
Case 1b. x1Cy1 is a subwalk of x2Cy2.
By Lemma 3.2, the cycle consisting of (x2, y2) and y2Cx2 has length at least n2 implying that x1 = x+k2 for 0 ≤ k < n2 .
However, this means that x2 has 3m-step prey sincem ≥ n2 , contradicting Lemma 3.4. We use the same argument to obtain
the same contradiction when assuming x2Cy2 is a subwalk of x1Cy1.
Case 1c. x1Cy1 and x2Cy2 share at least one arc but not all arcs.
Suppose that the arcs (x1, y1) and (x2, y2) cross; that is, without loss of generality, there are positive integers l1, l2 and
l3 so that l1 < l2 < l3 and x1 = x+l12 , y2 = x+l22 and y1 = x+l32 . We may assume that we have chosen (x1, y1) and (x2, y2) so
that there is no arc extending off C from a vertex on x+1 Cy
−
2 .
Let z ∈ Nm(y1) be a vertex such that y1Cz has length m. Since x1 and y−1 cannot share 2 m-step prey (otherwise one of
them must have 3m-step prey contradicting Lemma 3.4), there is no arc extending from a vertex on y1Cz−2. It follows that
z is not a vertex on x+1 Cy
−
2 and z
−2 is a vertex on y+1 Cx
−
2 . It also follows that y2Cy1 has length less thanm and since x2 and y
−
2
cannot share 2m-step prey, there is no arc off of C extending from a vertex on y2Cy1. Furthermore, there can be no arc off of
C extending to a vertex on y1Cx1 unless it extends to a vertex on x+1 Cy
−
2 ; otherwise we invoke one of the two previous cases.
Thus y1 is a leaf since z is not a commonm-step prey. Now z+ is not a commonm-step prey unless z+ is a vertex on x+1 Cy2.
Since there are no two unsharedm-step prey (otherwise Cm(D) has at most n− 2 edges), z+ is a vertex on x+1 Cy2 implying
that z = x1. So x2Cx1 is an arc and y2Cy1 is an arc aswell; otherwise x2 has 3m-step prey. Furthermore, asm ≤ n−3, y−2 6= x1.
Then y2 and y−2 are leaves as they have only 1m-step prey. But then y1, y2 and y
−
2 are all leaves contradicting C
m(D) = Pn.
Case 2. D contains a loop at vertex x.
Case 2a. There exists a vertex y ∈ N(x).
Then x, y ∈ Nm(x). Suppose that, for z 6∈ {x, y}, either z ∈ N(x) or z ∈ N(y). In either case, z ∈ Nm(x). Therefore,
according Lemma 3.1(i), neither x, y nor z can prey on a vertex in V (D)\ {x, y, z}. Since Nm(y) and Nm(z) are both nonempty,
Nm(y) ⊆ {x, y, z} and Nm(z) ⊆ {x, y, z}. Since |V (D)| ≥ 6 and Cm(D) is connected, there is a vertex w ∈ V (D) \ {x, y, z}
such that either x ∈ Nm(w), y ∈ Nm(w) or z ∈ Nm(w). It follows that x is adjacent to y, z and w in Cm(D) contradicting
Cm(D) = Pn.
Suppose thatN(x)∩(V (D)\{x, y}) andN(y)∩(V (D)\{x, y}) are both empty. Then asNm(y) is nonempty, either x ∈ N(y)
or there is a loop at y. Furthermore, there is a vertex z such that x ∈ N(z) or y ∈ N(z). In either of the cases, {x, y, z} forms a
triangle in Cm(D) contradicting Cm(D) = Pn.
Case 2b. Nm(x) = {x} and x ∈ N(y).
Then x ∈ Nm(x) ∩ Nm(y). It follows that there is no vertex z ∈ V (D) \ {x, y} such that x ∈ N(z) or y ∈ N(z); otherwise
{x, y, z} forms a triangle in Cm(D). Thus, y 6∈ Nm(u) for each u ∈ V (D) and so, according to Lemma 3.1(iii), D has only one
loop. Thus D\ {x} is loopless. By Lemma 3.3, Cm(D\ {x}) 6= Pn−1 asm > n−12 and D\ {x} is non-Hamiltonian. This contradicts
Cm(D) = Pn. 
While we have determined many values of m for Pn being and not being an m-step competition graph, we are still left
determining 4 ≤ m < n2 for n ≥ 9 when m does not divide n − 1 and n − 2. If Pn is not an m-step competition graph for
these values ofm, then this implies Theorem 3.1 by Proposition 2.2. However, if Pn is anm-step competition graph for these
values, then perhaps Theorem 3.1 is needed for a full determination of Pn being anm-step competition graph.
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